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THE TRACE SPACE AND KAUFFMAN’S KNOT INVARIANTS

KEQIN LIU

ABSTRACT. The traces in the construction of Kauffman’s knot invariants are
studied. The trace space is determined for a semisimple finite-dimensional
quantum Hopf algebra and the best lower bound of the dimension of the trace
space is given for a unimodular finite—dimensional quantum Hopf algebra.

0. INTRODUCTION

It is well known that quantum groups have been successfully used in the con-
struction of Witten—Reshetikhin—Turaev invariants of 3—manifolds ([4] and [10]).
Recently, there have been some remarkable new developments in this direction. By
employing right integrals on certain Hopf algebras, Kauffman and Radford have
constructed a new class of invariants of 3—manifolds ([2] and [3]), which are called
Kauffman-Radford—Hennings invariants of 3—manifolds.

At the core of Kauffman—Radford-Hennings invariants of 3-manifolds are Kauff-
man’s knot invariants. In fact, the Kauffman—Radford—Hennings invariant of a
3—manifold is just a scalar multiple of Kauffman’s knot invariant. It is also now
known that the construction of Kauffman’s knot invariant depends only on the al-
gebraic structure of a class of associative algebras called quantum algebras and is
independent of the representation theory of quantum algebras. Because of these
new properties it is easier to appreciate the amazing connection between the deep
algebraic structures of Hopf algebras and the topological invariants of knots, links
and 3—manifolds.

A key ingredient in the construction of Kauffman’s knot invariants is the trace
on a quantum algebra. The trace can be produced from a right integral for H*,
where H is a unimodular finite-dimensional ribbon Hopf algebra ([2], [3] and [7]).
The traces produced from right integrals for a finite—dimensional Hopf algebra are
linearly dependent since such right integrals are unique up to a scalar. The con-
struction of Kauffman’s knot invariants clearly indicates that for two of Kauffman’s
knot invariants produced from two traces to be differen, the two traces must be lin-
early independent. Therefore, an important question in the study of Kauffman’s
knot invariants is this: how many linearly independent traces are there on a quan-
tum algebra? The purpose of this paper is to discuss this question. The set of all
traces on a quantum algebra form a vector space, which is called the trace space
for the quantum algebra. In this paper, we will determine the trace space for a
semisimple finite—dimensional quantum Hopf algebra and give a best lower bound
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for the dimension of the trace space for a unimodular finite-dimensional quantum
Hopf algebra.

This paper is organized as follows. In section 1 we present Radford’s algorithm
for computing Kauffman’s knot invariant using the combinatorial description of
a knot diagram given in [7]. From the algorithm we can see how the algebraic
structure of a quantum algebra with a trace is used in the construction of Kauff-
man’s knot invariants. In section 2 we recall some basic definitions and important
properties about integrals on a finite—dimensional Hopf algebra.

Let To(H™*) be the trace space for a quantum algebra H. In section 3 we study
the trace spaces for a class of quantum algebras called quantum Hopf algebras.
An interesting phenomenon is that the trace space To(H*) is a Jordan algebra if
H is a quantum Hopf algebra. We determine dimTy(H*) for a semisimple finite—
dimensional quantum Hopf algebra and give a lower bound of dimTy(H*) for a
unimodular finite—dimensional quantum Hopf algebra.

In section 4 we discuss the class of finite-dimensional Hopf algebras st} ,(2)
introduced in [6]. The quantum algebra structures of s¢}  (2) depend on some
parametric points (dag)o<a,s<t- Every parametric point (dag)o<a,g<t is @ point in
V; UV;, where both V; and V; are varieties in C*". Now (sf. _(2), (dag)o<a,p<t) is
quasi-triangular if and only if (dag)o<a,s<t € Ve N V.. Hence the quantum Hopf al-
gebra (€}, (2), (dap)o<a,s<t) is not quasi-triangular for every point (dag)o<a,s<t €
(VeuVe)\ (VenV,). Since (V, UV,)\ (V; NV,) is far from empty, the examples of
quantum Hopf algebras are much richer than those of quasi—triangular Hopf alge-
bras. By studying integrals, we see that the class of quantum Hopf algebras sﬁsz(2)
is always unimodular.

In section 5 we determine the trace space for the quantum Hopf algebra sf’;)z(Q)
with odd ¢. It turns out that if ¢ is odd, then the dimension of the trace space for
s€f17z(2) is exactly the lower bound given in section 3. This proves that the lower
bound given in section 3 is the best for unimodular finite-dimensional quantum
Hopf algebras.

1. RADFORD’S ALGORITHM FOR COMPUTING KAUFFMAN’S KNOT INVARIANTS

Kauffman’s knot invariants are a class of invariants of regular isotopy of unori-
ented knots. Using the algebraic description of regular isotopy, Kauffman found
that the construction of knot invariants does not depend on the full definition of
Hopf algebras and what is needed is just the algebraic structure of a class of asso-
ciative algebras, which are called quantum algebras by Kauffman in [2].

Definition 1.1. An associative algebra H over a commutative ring & is called a
quantum algebra if there exist S € Homy(H,H), R € H® H and G € H such
that

1. S(zy) = S(yz) for z,y € H,

2. R12R13Ra3 = Ra3Ri3Ra2,

3. RIT=(S®1)(R)=(01x S HR),

4. S(G) =Gt and S?%(z) = GxG~! for x € H,
where Ri2s = R®1€ HRH®H, Ri3 := (1 ®0’)(R12), Roz := (O’@ 1)(R12) and
o is the twist automorphism of H ® H given by 0 : 2 @y — y ® « for x,y € H.
The quantum algebra H depending on S, R and G is denoted by (H,S,R,G).
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The following equations are a useful corollary of (3) in Definition 1.1.
(1.1) (S™ @ S™) (R =R formeZ

Definition 1.2. Let (H, S, R,G) be a quantum algebra. A functional ¢tr € H* :=
Homy(H, k) is said to be a trace on H if it satisfies the following properties:

1. tr(zy) = tr(yz) for z,y € H,

2. tr(z) =tr(S(z)) for x € H.

Kauffman proved in [2] that a knot invariant can be constructed from a quantum
algebra H and a trace on H. Radford introduced an algorithm for computing
Kauffman’s knot invariants in [7]. We need a combinatorial description of a knot
diagram to present Radford’s algorithm.

A vertical line segment is defined as a closed non-horizontal straight line
segment with two different endpoints. An arc is defined as a semicircular arc with
endpoints which lie on a horizontal line. The concavity of a semicircular arc has
only two possibilities. Hence, if x is an arc, then x is one of the following:

zn Szm and Ty ::u

maxima minima

If x and y are two vertical line segments with finite slopes which have opposite
signs and Ny = {p}, where p is not an endpoint of either z or y, then the ordered
pair (z,y) is defined as a crossing when x crosses over y. According to whether or
not y has positive or negative slope, we have two types of crossing:

T Yy y
/ \
($,y)>0 ::/\ and ($,y)<0 = \

Let £ be a set of vertical line segments. A subset C C £ x L is called a crossing
set if (z,y) € C implies (y,x) & C, and whenever (z,y), (w,z) € C and (z,y) #
(w, 2), (z,y) N (w,z) = 0.

It is clear that a knot diagram can be expressed as a triple K = (£, A,C), where
L and A are finite sets of vertical line segments and arcs, respectively, and C C Lx L
is a crossing set such that

a) If z,y € LU A are different, then 2’ Uy’ has two connected components,
unless (x,y) € C or (y,z) € C, where 2’ := z \ {endpoints of z};

b) g(LUA) is a cyclic graph, where g(£ U .A) denote the graph whose vertices
are the endpoints of the members of £ U A and whose edge between the vertex p
and the vertex ¢ is the member of £ U .4 which has p and ¢ as endpoints;

¢) If z,y € LU A are different, then the highest and lowest points of xz Uy are
not common endpoints;

d) There exists a vertical line segment = € £ such that z is not a component
of a crossing in C.
Conversely, a knot diagram can be reconstructed from a triple as above. Hence, we
identify a knot diagram with such a triple.

Let (H, S, R,G) be a quantum algebra over a commutative ring k and tr : H — k
be a trace on H. For any knot diagram K, a scalar TR(K) in k can be constructed
from (H,S,R,G) and tr. The scalar TR(K), depending on the quantum algebra
structure of H and the trace tr on H, is called a Kauffman’s knot invariant for
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K. Radford gave a rigorous algorithm to describe the construction of Kauffman’s
knot invariants in [7].

Let k[t,t7!] be the Laurent polynomial ring over k. Then the associative k—
algebra H := k[t,t7!] ® H is a free left k[t,t~!]-module. We write t™h :=t™ @ h
for m € Z and h € H and regard both k[t,t7!] and H as k-subalgebras of H.
Radford’s algorithm for computing TR(K) consists of five steps.

Step 1. Represent a knot diagram K as a triple K = (£, .A,C), which satisfies
the conditions a), b), ¢) and d).
Step 2. Express the cyclic graph g(£ U A) in the form

T To Tpn—1 T
Pr — P2 — ... —7 Pn — D1,

where LUA = {z1,...,2,}, p — ¢ denotes the unique edge of g(£ U A) joining
the vertex p and the vertex ¢, the edge x; satisfies the condition d) above and the
vertex po is higher than the vertex p;.
Step 3. Construct h; (1 < ¢ < n) in the n—fold tensor product HM) =
H® ---® H according to the following rules:
n times

i) If x; € £ and (x;,2;) & C for any j, set h; :=1® ---® 1, where 1 is the
identity of H.

1) If z; € £ and (x;,x;) € C for some j, set

Zu1®"'®1®5€(6’u)®1®'“®1®ﬁu®1®"'®17 for i < j,

)
By = ith jth
Yul® 010 fole 105 e,)®1e -1, fori>j,
) 1
jth ith

where R =3 e, ® f, € H® H and

0 {0, if the slope of z; is positive,

1, if the slope of x; is negative.

iii) f v; € Ay set hy = 1® - ®1® tf ®1®---®1, where £ = 1 or —1
i th »
according to whether the direction of the movement through the arc p; —- p; from
p; to p; is counterclockwise or clockwise.
Step 4. Apply the “straightening”rule:

c@aet® - — . @t'®5%e)®..., whereac H

to h(K) := hihy ... h, € H™ to obtain an element h(K) € k[t,t~](AD @ HUAD,

Step 5. Use the multiplication map H(™) — H to produce an element t~2¢ ®
w € ‘H from the “straightened” tensor sum h(K), where w € H. Replacing t~2 by
G in t72¢ ® w gives an element G ® w € H ® H. Applying the multiplication in
H to G ® w, we construct an element G%w of H. Kauffman’s knot invariant for
the knot K is TR(K) := tr(Gw).

Remark 1. Tt is clear that the element h(K) € H™ produced in Step 4 satisfies
h(K) = hi hi, ... h;,, where 2 < iy < iy < --- < i, < n and either z;, € A or
(xi;,y) € C for some y € L. So u =| A| + | C |. This means that the edges which
make a contribution in the construction of TR(K) are arcs and those vertical line
segments which are the first components of crossings.
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FIGURE 1

Remark 2. The expressions of the cyclic graph g(£ U .A) in Step 2 are not unique
because the edges satisfying the condition d) are not unique. However, the construc-
tion of Kauffman’s knot invariants is independent of the choice of the expressions
of the cyclic graph g(£ U A).

Remark 3. The integer d in t~2¢ @ w appearing in Step 5 is the Whitney degree of
the knot diagram K, which is the total turn of the tangent vector to the curve as
one traverses it in the direction from p; to ps.

As an example, let us construct Kauffman’s knot invariant TR(K) for the trefoil
knot K. The trefoil knot can be represented as a triple K = (£,.A,C), where

LUA={x1,...,216},
A= {(z2)R, (20)3, (211)F, (16)5 1
C= {($107$3)>0a (5, %13) <0, ($15,CC8)>0}
and the cyclic graph g(£ U A) is expressed as:

(1.2) P1 Lp2ﬂ>...ﬂ>p16 mpl.

The notation x{; (respectively, z7) for an arc z means that the arc p . qisa

minima (respectively, a maxima) and the direction from p to ¢ is counterclockwise.
The diagram for the trefoil knot can be described from the triple above as shown
in Figure 1.

It is easy to check that the element h(K) in the 16-fold tensor product H1 is
given by

h(K) = hihy...hie = hahshrhihi1hishie

=) 10t0f;eleSE)R1ote ielee;0tR1R fivleedt
i.5.k
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After applying the “straightening”rule and the multiplication map H%) — H, we
get an element t* ® Dk S3(£1)5%(ei)S%(f1)S%(e;)S(fi)S(ex). Hence, Kauffman’s
knot invariant for the trefoil knot K is

TR(K) = tr(G 2253 €i) S (fx)S(e)S(f:)S(ex))-

1,5,k

By (1.1), the invariant above can be expressed as

(1.3) = D_tr(GT2S(£)S () S (fu)es fiew).
0,5,k
Except for (1.2), it is clear that there are several other expressions of the cyclic
graph g(LU A). For example, if we begin with the vertical line segment pg —= p1,
then the expression of cyclic graph g(£ U A) is

(1.4) Py 2 I s TS 5

where p; := piis, T; := T8 and x; = xy if ¢ =4 mod 16.
It is easy to see that Kauffman’s knot invariant for the trefoil knot K derived
from the expression (1.4) of the cyclic graph g(L U A) is

(1.5) = tr(G725%(e:)S*(£;)5 (ex) S (£1) S (e)) fi).
1,5,k

Using the properties of the trace and (1.1), one can see that (1.3) and (1.5) are
the same.

2. PRELIMINARIES ABOUT HOPF ALGEBRAS

From this section we will assume that algebras and coalgebras are over a field
k with char(k) # 2, and (H, A, ¢, S) is a finite-dimensional Hopf algebra with the
comultiplication A, the counit € and the antipode S. Let H* := Homy(H, k) be the
linear dual of H. Then H* is also a Hopf algebra. In particular, H* is a k—algebra
with multiplication

(2.1) b0,7) = 3 (0,20} (0 7)),

()
where p,q € H*, x € H and A(x) = E(m) T(1) ® T(2). Note that H ~ H** as Hopf
algebras. We use G(H) to denote the set consisting of all group-like elements of H.
Then G(H*) = Algi(H, k); that is, G(H™*) consists of all algebra homomorphisms
from the algebra H to the algebra k.

Definition 2.1. 1. A € H* is called a left integral (respectively, right in-
tegral) for H* if h*A = (h*, 1)\ (respectively, Ah* = (h*, 1)) for every
h* e H*.
2. A € H is called a left integral (respectively, right integral) for H if hA =
e(h)A (respectively, Ah = e(h)A) for every h € H.

It is clear that both left integrals and right integrals form an ideal.

Proposition 2.1. Let H be a finite—-dimensional Hopf algebra.

1. Both the ideal of left integrals for H* and the ideal of right integrals for H*
are one—dimensional.
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2. XA € H* is a left integral for H* if and only if

(2.2) > haAhe) =Ah)  forhe H.
(h)
3. A€ H* is a right integral for H* if and only if

(2.3) > Ah)he) =Ah)  forheH.
(h)
Proof. (1) is a standard result in the theory of finite—dimensional Hopf algebras;

see [11] for details.
(2) and (3) follow from (2.1). O

Let A be a non—zero left integral for H. By Proposition 2.1, the ideal of left
integrals for H is one—dimensional. Hence, there exists a unique o € H* such that

(2.4) Ah = a(h)A for h € H,

and « is independent of the choice of A. It follows that a(hh’) = a(h)a(h’) for
h,h' € H. So a € Algp(H, k) = G(H*); that is, « is a group-like element of H*.
Similarly, let A be a non—zero right integral for H*, then there exists a unique
g € Algp(H*, k) = G(H) such that

(2.5) pA = p(g)A for pe H*.

Definition 2.2. Let A be a non—zero left integral for H and A be a non—zero right
integral for H*. Then the unique group-like element « satisfying (2.4) is called the

distinguished group-like element of H*, and the unique group-like element g
satisfying (2.5) is called the distinguished group-like element of H.

H* is an H-bimodule under the actions
(h = p)(z) :==p(xh),  (p+ h)(z) = p(hz),
and H is a H*-bimodule under the actions
p—=h:=Y haplhe), h—=p=> plha)he),
(h) (h)
where h,x € H and p € H*.

Definition 2.3. A Hopf algebra H is said to be unimodular if the ideal of left
integrals for H is equal to the ideal of right integrals for H.

Proposition 2.2. Let (H,A,¢,S) be a finite-dimensional Hopf algebra and X be a
non—zero right integral for H*. Let g be the distinguished group—like element of H
and let a be the distinguished group—like element of H*.

1. (H*, =) is a free right H-module with basis A\. (H*,—) is a free left H-

module with basis .

2. Mzy) = MNS%(y — a)x) for x,y € H.

3. AM(S(z)) = Mygzx) forz € H.

4. Radford’s formula holds:

Stz) =gla =z —at)g™? forxz e H.

5. H is unimodular if and only if « = €.
6. H* is unimodular if and only if g = 1.

Proof. The proof of (1)—(4) can be found in [8]. (5) and (6) are clear. O
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Proposition 2.3. Let H be a finite—dimensional Hopf algebra. If H is semisimple,
then H s unimodular.

Proof. See [5]. O

Finally, let us recall the definition of a one-sided universal R—matrix from [6].

Let H be a Hopf algebra with the comultiplication A and the antipode S. Let
R be an element of H ® H. Consider the following three conditions on R:

(a) RA(z) = A'(z)R for all z € H,

(b) (A ®id)(R) = RisRas,

(C) (’Ld & A)(R) = R13R12.

Definition 2.4. In the setting above, we have

1. R is called an invertible left universal R—matrix if R is invertible and
satisfies (a) and (b).

2. R is called an invertible right universal R—matrix if R is invertible and
satisfies (a) and (c).

3. R is called a universal R—matrix if R is invertible and satisfies (a), (b) and
().

4. R is called an almost cocommutative Hopf algebra if R is invertible and
satisfies (a).

5. H is called a quasi—triangular Hopf algebra if R is a universal R—matrix.

The examples of one—sided invertible R—matrices which are not universal R—
matrices can be found in section 4.
3. THE TRACE SPACE

Let (H,S,R,G) be a quantum algebra. We are interested in the kind of func-
tional p € H* with the properties

(3.1) p(zy) = p(S*™(y)z)  for z,y € H,

(3.2) p(z) = p(G*™S(x)) for x € H,
where m is an integer. The set
T (H") :={p € H" | p satisfies both (3.1) and (3.2)}

forms a subspace of H*. We define 7,,,(H*) as the mth trace space for H. In
particular, 7o(H*) is called the trace space for H, which consists of all traces on
H.

Proposition 3.1. Let (H,S,R,G) be a quantum algebra. Then the map ¢n, :
T (H*) = To(H*) given by

Gm:pr= (p=G™)  forpeTn(H)
is a k—linear isomorphism.

Proof. Use (3.1) and (3.2). O

Definition 3.1. A quantum algebra (H,S,R,G) is said to be a quantum Hopf
algebra if H is a Hopf algebra with the antipode S. A quantum Hopf algebra is
denoted by (H,A,¢,S,R,G), where (H,A ¢, S) gives the Hopf algebra structure
on H and (H, S, R,G) gives the quantum algebra structure on H.
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An interesting behaviour of the trace space 7o(H*) for a quantum Hopf algebra
H is that 7o(H*) is a Jordan subalgebra of (H*)*, where (H*)* is the Jordan
algebra obtained from the associative algebra H*. In general, we have

Proposition 3.2. Let (H,A,¢,5,R,G) be a quantum Hopf algebra.
1. T,,(H*) is a Jordan subalgebra of (H*)* if G®™ € G(H).
2. T,,(H*) is a commutative subalgebra of H* if G*™ € G(H) and H is almost

cocommutative.
3. The map ¢ : T (H*) = To(H*) is a Jordan isomorphism if G™ € G(H).

Proof. Let m : k ® k — k be the multiplication in k. Then the multiplication (2.1)
in H* can be expressed as

(pg)(x) = m(p @ q)A(x) forx € H and p,q € H".
(1) Let p,q € T,,,(H*) and x,y € H. By (3.1), we have
(P ® @)A(zy) = (p @ O{[(S*™ ® S*™)A(y)]A(x)}
= (P2 {AS* () A@)} = (p© )A(S* " (y)2),
which implies that

(3-3) (p

q)
Similarly, it follows from (3.2

(zy) = (pa)(S*™ (y)x).

3.2)

(r®q)A(r) = (p®q){
)
)

that

(G*" @ G*™)[(S © S)A(z)]}

(G*™ @ G*™)aA(S(x))}

Q) {A(G*™)A(S(x))} = (¢ @ p)A(G*™S()),

= (r® g
=P
which implies that
(3.4) (pg) () = (qp)(G*"™ S(x)).
From (3.3) and (3.4), we know that if p, ¢ € T,,,(H*), then 3(pq+qp) € T,,,(H*).
This proves (1).
(2) Let p,q € T,,(H*) and « € H. Using (1.1), we get
(@ @)A(z) = (@ p)A'(2) = (¢ @ P{RA(2)R™'}
= (q@p){($*" ® S*™)(R™HRA(x)}
= (¢®p){R™'RA()} = (¢ @ p)A(x).

This proves that pg = ¢p. Hence, T,,,(H*) is a commutative subalgebra of H*
by (3.3) and (3.4).
(3) This fact follows from the following equation:

(pq) —a=(p—a)(qg—a) for p,q € H* and a € G(H).
O

Let H be a finite-dimensional Hopf algebra. By Proposition 2.2, we have a
k-linear isomorphism 1 : H* = H defined by

Y:(A—=h)—h for h € H,

where A is a non—zero right integral for H*.
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If H is a finite—dimensional quantum Hopf algebra, we set
T (H) == (T (H™)).

The vector space 7, (H) is called the mth right counterpart of the trace space
and can be described as follows.

Proposition 3.3. Let (H,S,R,G) be a finite-dimensional quantum Hopf algebra
and X be a non—zero right integral for H*. Let g be the distinguished group-like
element of H and let o be the distinguished group—like element of H*.

1. Suppose that p = X — h for some h € H. Then
(a) p satisfies (3.1) if and only if h satisfies

(3.5) S%(x — a)h = hS*™(x) forx e H.
(b) p satisfies (3.2) if and only if h satisfies
(3.6) S2(G2mS L ()] — a) = hy™?

2. rm(H)={h € H| h satisfies both (3.5) and (3.6)}.

Proof. (1) Let us prove (b). The proof of (a) is similar.
For any x € H, by Proposition 2.2 (2) and (3), we have

(G S(2)) = (A — h)(G*™S()) = A(WG>™ S (x))
— (AS) (2G2S} () = AgaG—>" 5~} (h))
= MG (1)) — a)ga) = (@ — N)(S2(G>"S ()] — a)g)

or

(3.7) p(G*"S(x)) = (x — N)(S*([G™*™ S (h)] — a)g)  forxzc H.
It is clear that

(3.8) p(x) = (z = N)(h) for x € H.

It follows from (3.7) and (3.8) that p satisfies (3.2) if and only if
(x = N(SH(GT2STH(h)] = a)g) = (x = N)(h)  fora € H,
which is equivalent to saying that h satisfies (3.6).
(2) Use (1) and the definition of rp, (H). O

Proposition 3.4. If (H,S,R,G) is a unimodular finite—dimensional quantum
Hopf algebra, then G*g~' € Z(H) and

rm(H)={h€ H| h=2G""™ and S(z) = 2G?g~" for some z € Z(H)}
where g is the distinguished group—like element of H.

Proof. Since H is unimodular, « = e by Proposition 2.2 (5). Using Radford’s
formula in Proposition 2.2, we see that G2¢g~! € Z(H), where Z(H) is the center of
H. Also, (3.5) becomes S?(z)h = hS?™(x) for x € H. Hence, hG™ ! = z € Z(H)
or h = 2G'=™,

By (3.6), G™*"S(h) = hg~! or G™2™S(2:G'™™) = 2G'"™g~!  which implies
that

(3.9) S(z) = 2G*¢7 1, z € Z(H).
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Remark. If (H, R) is a quasi—triangular Hopf algebra, then the description of ro(H)
is equivalent to the description of Cocomg(H*) given in [7].

Now we can determine the trace space for a semisimple finite-dimensional quan-
tum Hopf algebra.

Proposition 3.5. Let (H,S,R,G) be a semisimple finite-dimensional quantum
Hopf algebra over an algebraically close field k. Let g be the distinguished group—like
element of H.
1. Z(H) = ke1 @ - -®ke,, where ey, ..., e, are pairwise orthogonal idempotents.
2. Let G?¢g~' = dyeq +---+dyen, where d; € k. Then there exists a permutation
7 of {1,2,...,n} such that S(e;) = er;) and the set
{(dr@yei + eT(i))Gl_m | didry =1, dri #—1 forsomel <i<n}
is a k-linear basis of vy, (H).
Proof. (1) This is a standard result in the theory of finite-dimensional associative
algebras.
(2) Since the center Z(H) is invariant under the antipode S, we know that S(e;)
is an idempotent in the center Z(H). Hence, S(e;) = €;1 + - - - + ejx,, where k; > 1
and {e;1,..., ek, } is a subset of {e1,...,e,}. By eje; =0 for i # j, we get
{eis e N {eji, . en, t =10 for i # j.
This proves that k; = 1 for every 1 <i < n.
Let S(ei) = er()- Then 7 is a permutation of {1,2,...,n}. That S? is inner
implies that 72 = 1.
By Proposition 2.3, H is unimodular. Hence, 7,,(H) is described by Proposition

3.4. Let z = x1e1 + -+ -+ xpe, € Z(H), where z; € k. Then, (3.9) holds if and only
if z; = x;(4)dr ;) for 1 < i < n, which implies that

(1= dy), if 7(i) = i.
This proves that x; = 0 if either d;d, ;) # 1 and 7(i) # i or d; # 1 and 7(i) = i.
In other words, 2G*~™ is a linear combination of the elements of the set in (2).

Therefore, the set is a k—basis of r,,(H) because it is clearly linearly independent.
O

Now we present the best lower bound for the dimension of the trace space.

Proposition 3.6. Let (H,S,R,G) be a unimodular finite-dimensional quantum
Hopf algebra, and let g be the distinguished group—like element of H. Then the best
lower bound of dimTo(H™) is

max{dimker((S — Lg2y-1) | A) | A€ W(H)},
where Lgzy-1 2 A — A is the multiplication given by G*g~' and
W(H) :={A| A is a subalgebra of Z(H) such that G*¢~' € A and S(A) = A}.

Proof. By Proposition 3.4, Z(H) € W(H). Hence, W(H) is not empty. Consider
any element A in W (H). Since G?¢g~' € A and S(A) = A, (S — Lgzy—1) | Ais a
well-defined linear map on A. Using Proposition 3.4 again, we have

her(H)NA<+= S(h)=hG?q " and h € A <= h € ker((S — Lgz4-1) | A).
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It follows that r1(H) N A = ker((S — Lg2g-1) | A). Therefore,
dim 7o(H*) = dimry (H) > dim(r1 (H) N A)
= dimker((S — Lg2g-1) | A) for Ac W(H).

This proves that max{dimker((S — Lg2y-1) | A) | A€ W(H)} is a lower bound
of dim 7o (H™*).

In order to prove that the lower bound above is the best one, we will study a
class of unimodular finite—dimensional quantum Hopf algebras sffm(2) in §4 and
prove that dim7y (s}, .(2)*) is equal to the lower bound above for odd ¢ in §5. O

We finish this section by calculating dim ker((S — Lg24-1) | A) for some special
algebras in W(H).

Proposition 3.7. Let (H,S,R,G) be a unimodular finite—dimensional quantum
Hopf algebra, and let g be the distinguished group-like element of H. If P :=
{z1,22,..., 20} 48 a subgroup of Z(H)NG(H) such that G%g~—! € k[P], where k[P]
is the group algebra of the group P, then

1. There exists a T € S, such that S(z;) = 2,y for 1 <i < n and 72 =1, where
Sy, is the symmetric group on the set {1,2,...,n}.

2. dimker((S — Lg2g-1) | k[P]) = n — rank((d;o,(j))1<i,j<n — Inxn), where
G%g7 ' :=dyz1 + ... dnzn, di € k, I,y is the identity matriz and the map
zi ¥ 0y 1S the regqular representation of the group P in the symmetric group
Sh-

Proof. (1) The existence of 7 follows from the fact that S(h) = h~! for h € G(H).

(2) Let h := x121 + ... 22z, € k[P], where ; € k. We then have that h €
ker((S — Lg2g-1) | k[P]) if and only if S(h) = hG?*g~" and h € k[P], which is
equivalent to

(3.10) Z dro,(jTi = T; for1 <i<n.
i=1

This proves that the vector space ker((S — Lg24-1) | k[P]) is isomorphic to the
solution space of the homogeneous linear system (3.10). So (2) is true. |

Corollary 3.8. Let (H,S,R,G) be a unimodular finite—dimensional quantum Hopf
algebra. Let g be the distinguished group—like element of H. If P := {1,2,...,2" "'}
is a cyclic subgroup of Z(H) N G(H) with the order n and G*g~! = 2™ for some
méeZand 0 <m<n-—1, then

n+2

. or2’  if both n and m are even,
dimker((S — Lg2g-1) | k[P]) = {[&]
2

, otherwise,

where [z] is the largest integer that is less than or equal to x.

n—1

Proof. From the proof of Proposition 3.7 above, we know that h = > 2t €
ker((S — Lg2g-1) | k[P]) if and only if (3.10) holds. Under our assumption, (3.10)
becomes

T_i = Tiem for0<i<n-—1.

Consequently, every h € ker((S — Lgz2y-1) | k[P]) is a linear combination of the
elements in the set {z~* + 2~ | 0 < <n—1}. This implies that a maximal
linearly independent subset of the set {z7* + 2°~™ | 0 < i < n — 1} is a basis of
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ker((S — Lg24-1) | k[P]). Hence, dimker((S — Lg2g4-1) | k[P]) is the number of
elements in a maximal linearly independent subset of the set {z_i 4 zimm |0<i<

n — 1}. One can check that the number is either 242 or [241].

For example, if both n and m are odd, then there exist mq, ..., Ma_1 € {0,1,...,
n — 1} such that
m+n
{- 5 T L = M~ M —m}
is a complete residue system modulo n. Hence
{z_mim Ly g e zm"T’l_m}

is the maximal linearly independent subset of the set {z=#+ 2™ |0 <i <n—1}.
So dimker((S — Lgzg-1) | k[P]) = 252 + 1 = 2L = [2HL], O

4. THE QUANTUM HOPF ALGEBRA s} (2)

Throughout this section and section 5, we assume that ¢? is a tth primitive
root of unity with ¢ > 2. Recall from [6] that sf/ ,(2) is a finite-dimensional Hopf
algebra over C with generators {E, F, K*!, 2!} and relations

2271 =272 =1 and z is in the center of s@’;)z(2),

KK '=K 'K =1,
KEK™'=¢E, KFK~'=¢7%F
K— 1K1

q—qt
E'=F'=0, K'=:'=1,

EF - FFE =

)

where the comultiplication A, the counit € and the antipode S are defined by
AE)=E®1+K®FE, e(E)=0, S(E)=-K'E,
AF)=Fez'K'+10F, €F)=0, S(F)=-FK,
AX)=X® X, (X)=1, S(X)=x""

for X € {K*!, 2%},
We define two varieties V; and V, in C** as follows:

Ve : = {(dap)o<a,p<t | Z q2(v _W)Qdaﬁdﬁ—aw’ = 5%v’dﬁ,v}a

o<a<t
Ve i ={(daplo<a,p<t | Z P g g o = 0p,5:ds 4},
0<a<t
Ve i ={(daplo<ap<t €Vi| Y a7 PP Mdad 5 ay b= 060,400}
0<B,v<t
Vo: ={(daplocap<t € Vi | Y P Ddgid 5 ayb = Sb.a).00}
0<B,y<t

where v,7',b,d € {0,1,...,t — 1} and do g = do,pr if @ = &' mod t and 8 =
mod t.
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Note that the variety V; NV, contains at least the following symmetric points:

1 0 ... 0
0O 0 ... 0
(Ta,8)o<a,<t = Lo
0 0 0
and
1 1 1
111 a at~1
(za,p)oap<t = P : ’
i at'_l .. a(t;l)2

where a € C, a' =1, (a) = (¢*) and a # ¢°.
For m € Z, we define

m

q" - q
q—q!

<m)._ %, for 1 <n<m,

n)’ 1, forn=0o0r n=m,

qu _ q—mz—lK—l
q—q7! ’

(K, z; m )._ (K, z;m|[K,z;m—1]...[K,z;m — j + 1]
/ - (]! '

[m] := ,  [m]li=[m]m —1]...[1],

[K,z;m] =

Lemma 4.1. In st} (2), we have

e (e

0<i<min(n,k

2 @i-0G-n .
(3.1) F"E™ = Z (_1)Z<n> [i]lL<7">En—iFn—iK2j_izj_i.

PR,
0<iTi<n i (¢—q71)" \J
Proof. The proof is similar to the proof given in [4]. See [4] for details. O

Proposition 4.2. Let
R

dap)o<a,p<t

1 — n n(l—n
-7y b [n]'—q) PTG, B @ PR
0<n,a,by,u<t '
where do,g € C. Then
L (sl] .(2),8, R K='271%) is a quantum Hopf algebra if

aﬁ)oga,ﬁ<t’
(da,ﬁ)0§a7ﬁ<t S ‘7@ U ‘7; and & € Z/tZ

2. (Sez,z@)aR(%g)o@,g«) is a quasi—triangular Hopf algebra if and only if
(da,5)050,5<t 18 1N VT n Vr
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Proof. (1) By Theorem 2.1 in [6], if (du.g)o<a.g<t € Ve U Vi, then R(dop)ocaper 18
a one-sided invertible universal R—matrix satisfying the conditions (2) and (3) in
Definition 1.1. It is clear that the condition (4) holds for G := K~12717¢ where
€ Z/tL.

(2) See Theorem 2.1 in [6]. O

Since the set (V, UV,.)\ (V,. N'V,) is far from empty, the examples of quantum
Hopf algebras are richer than those of quasi-triangular Hopf algebras.
For example, if ¢ = 2, then

o= {5 0) (0 0)- (0 0) (2
v ={ o) (0 D)

Proposition 4.3. 1. The set {E“FSK72° | 0<a,3,7v,8 <t} is a C-linear
basis for st} (2).
2. For0 < a,f,7v,0 <t, we have

A(E*FPKY2%)

_ Z qk(a—k)+(5—e)(e—2k) (0<> <5> Eo—k AL gtk 8 o pk pl gy =B+ 0=+
k)\/

0<k<a
0<e<p

| o=
N N[
\_/
N

I N[=
N

| D=
[SIE
"
7N\
N N|—
N N[
\_/
——

N[ N[—=

Proof. (1) follows from an application of the Diamond Lemma for rings. (2) follows
from the g—analogue of the Binomial Theorem:

(A4 B)" = Z ¢k <Z> B¥A"F where BA = ¢*AB.
k=0

|

For a non-zero element a in sf! (2), we use @ to denote the functional defined
by

_ 1, ifx=a,
a(x) = :
0, ifx+#a.

Proposition 4.4. 1. The Hopf algebra sﬂ’;)z(Q) s unimodular.
2. A= (Ygcqpect K¥2P)E1F ™1 is a non—zero two-sided integral for stt, (2).
3. BEt-1FtIK 1211 s a non-—zero right integral for st} (2)*.
4. E*=1F*=1K is a non-zero left integral for st!, ,(2)*.
5. The distinguished group-like element of st} (2) is g = K'~2z'~1.

Proof. (1) and (2). Let A be a non-zero left integral for s} _(2). Let « be the
distinguished group-like element of sf/, _(2)*. Then

(4.1) hA = e(h)A, Ah = a(h)A for h € st! (2).
Taking h to be E* and F* in (4.1) respectively, we get
(4.2) €(F) =a(E) =0, e(F) = a(F) =0.



3838 KEQIN LIU

Let A =Y ap<a<t, E*FPay g, where an 5 € ClzF, K*1 and a4, 5, # 0. Taking
Bo<B<t
h to be E and F in (4.1) respectively, we get that ay = [Fy = ¢t — 1. Hence,

A = E*71F'~1q for some a € C[z*!, K*!].
Letting h be any X € {z*', K*!} in (4.1), we get Xa = a, which implies that a
is a scalar multiple of >, 5, K @zP. This proves that

A= Et—lFt—l Z Kazﬁ — Z Kazﬁ Et—lFt—l
0<a,B<t 0<a,B<t

is a non—zero left integral for st/ _(2).
It is clear that A = AX = a(X)A for X € {z*!, K*'}. Hence,

(4.3) aX)=1=¢X) for X € {z* K*}.

It follows from (4.2) and (4.3) that o = ¢; that is, sf/ (2) is unimodular. So
A= (Cgcaper KO2P)ETF'=1 is a non—zero two-sided integral for st} _(2).

(3) Let A be a non-zero right integral for sf! (2)*. By (2.3) and Proposition
4.3(2), we have

(44) ME“FPE72°) = Y Aapre B FFI KR ) RO 0
0<k<a
0<e<p

where 0 < «, 3,7, < t and

a—k)+(B—0)(—2k) (@) (B
Aaﬁkf = qk( k)+(B—€)(£—2k) (k) (€> 7& 0

for0<k<a(<t)and 0 <L < B(<1).

Since A\(E*FPK72%) € Cly, we conclude from (4.4) that if A\(E*FPK72%) # 0,
then g =~ =4.

Now we assume that \(E*FPK72%) # 0 for some 0 < «,3 < t. Suppose that
a> 3, then 8+ 1< a <t By (44), we have

0=ANEFK )= N Aqpran(BOFFITI RO BRSS!

0<k<o
0<£<pB+1

= Appr1.0 I NEFPKPPYF £ 0,

which is a contradiction! Similarly, that « is not less than 3 is also impossible!
This proves that if \(E®FPK72%) #£0, then a = f = = 6.

Let M(E“F*K“z%) # 0 for some 0 < o < t. If @« <t — 1, then we would derive
a contradiction by considering A\(E*T! o+l K@=1,%) Therefore, o has to be t — 1.
In other words, A is a scalar multiple of Ft—1Ft—1t=1zt—1

(4) The proof is similar to the proof of (3).

(5) Let A be a non—zero right integral for s, (2)*. By (2.5), we have

A(h)g = Z A(he2))hy for h € st} (2)".
(h)
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Letting A = BEt-1Ft-1Kt-1zt—1 and h = BV F LK 12071 we get

g= Z qk(t—l—k)+(t—1—e)(6—2k)

0<k<t—1
0<e<t—1

g (t § 1) (t; 1)EH-’“FH-ka“-lzf—lA(E‘“Fsz)

:Kt—QZt—l

5. THE DETERMINATION OF THE TRACE SPACE FOR s/} _(2)

In this section, we determine the trace space for 56272(2) with an odd ¢. Because
of the relation between the mth trace space and the trace space given in Proposition
3.1, it suffices to determine 7;(sf! (2)*), which consists of all functionals p with
the properties

play) = p(S*(y)z)  for z,y € sty .(2),
(5.2) p(G%x) = p(S(x)) for z € st (2),

where G := K~12717¢ and ¢ € Z/tZ.
Let x = E™F"K%2%, where 0 < m,n,a,b < t. Then

G = EanKa—lzb—l—f’ Gr = q2(n—m)EanKa—lzb—l—§.

Since p(zG) = p(Gz) by (5.1), we get (¢>"™ — 1)p(EMFrK~120=1-¢) = 0,
which implies that

(5.3) p(EMF"K%%) #£0 = m =n, where 0 < m,n,a,b < t.

Let x = E"F"K%z%. Then, by Lemma 4.1, we get

‘!(q— q ')

2 (2§ —)(i—1) .
) o
J

sw= > (]

>En—iFn—iKZj—i—azj—i-i-n—b.

0<j<i<n

It is clear that G2 = E"F" K% 226=2-2¢ Hence, by (5.2), we have
p(EnFnKa—sz—Q—Zf)

(G4 = > (—1)1'(7)2[1]!%<i_)p(E"—iF"—iKQJ'—i—azﬂ'—””—b),

1
0<j<i<n J

where n,a,b € Z/tZ.
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Letting « = E™F"K% and y = E™ FVKY Y in (5.1) and using Lemma 4.1,
we have
’ ’ .
2a(m’—n’") 1) n m 112 K, z; n—m' —141
5 e
0<i<min(n,m")

;. . ’ ’
X p(Em+m —an+n —zKa+a Zb+b )

/ ’ .
_ 2(n'—m/)+2a’ (m—n) 1 i my .. 12 K, zZ, n—m — 1+

0<i<min(n’,m)

(5.5)

;. . ’ ’
X p(Em+m —an+n —zKa+a Zb+b )

)

where m,n,a,b,m’,n’,a’, b’ € Z/tZ. Note that n (or m’) in the notation min(n, m’)
is regarded as the least residue of n (or m’) modulo t.

Now we choose the minimal mg € {0,1,...,t—1} such that p(E™° F™o K*28) =£ (
for some «, 8 € Z/tZ. Note that o and 8 may be not unique. In other words,

(5.6) p(EMF™K*2%) =0 if 0 <m <mp and a,b € Z/tZ.

Furthermore, we choose m,n,a,b,m’,n',a’,b’" € Z/tZ such that m = 1, n = 0,
m+4+m'=mog=n+n',a+d =«aand b+ V' = . It follows from (5.5) and (5.6)
that « = —1 mod t. This proves that
(5.7) p(E™F™ P =0 ifaz -1 modt.

Suppose that mo <t —1. Then mg+1 <t¢t—1. Lettingm =1, n=0, m' =myg
and n’ = mg + 1 in (5.5), we get

q_2ap(Em0+lFm0+lKa+a/Zb+b/)

’ ’ /
_ q2+2a p(Em0+lFm0+1Ka+a Zb+b )

2+2a’
_ q +2attmo [mO + l]p(EmgFmOKa+a’+lzb+b’)

q—q!
2+4-2a’+myg 1 , ,
(58) q [,’_Tio + ]p(EmOFmOKa+a —lzb—i-b —1)7
q—4q

where a,b,a’,b' € Z/tZ.
Taking a + a’ to be t — 2 in (5.8), we get
(5.9)

g™ mg + 1]

p(E™Mott prmotl gri=2,0y — p(E™F™ K1Y for b€ Z/tE.

(¢—q71)°
Taking a + o’ to be 0 in (5.8), we get
(5.10)
1—mo 1
p(Emotipmotizey - 4 Mot ] v _[Zﬁ; Lp(gmopmogt=12-1)  for b e 212

Letting n = mo + 1 and a = 0 in (5.4), we get
p(Em0+1Fmo+1Kt—22b—2—2€) — p(Emo-'rlFmo-‘rlzl-'rmo—b)
B [m() + 1]2

5.11
(5:11) q—q!

p(E™o Frogilymo=by  for b € Z/tZ.
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Using (5.9) and (5.10), it follows from (5.11) that
PO JC11 527 — (220 | g2 =m0
where b € Z/tZ. Replacing b — 2 — 2§ by b in the equation above gives
pUE™ F™o K1=159) = (2270 4 g2 — g 2mo (5o Fo fei 1 mo—b-26-2)
where b € Z/tZ. This implies that
(7™ 4+ ¢* —q7P)? =1,

which is impossible for odd ¢. Therefore, my = ¢t — 1. Combining this fact with
(5.3) and (5.7), we have proved that

p(EMF"K2’) #0=m=n=a=t—1 mod t.
Lettingn =t —1 and a = 1 in (5.4), we get
p(E"IFTIKTP) = p(BTFTIK T PR for B € 2/t

Hence, for some ag € C,

p= Z aﬁ(Et—lFt—th—lzﬁ + Bt-1Ft-1[t—1,-8-26-3)
BEL/TL
— Z a;(B-TF-TK 121 4 Bi-1pi—1[t—1,-j-2-2)
JELIIT

= > a{A e (7T AT}
JELIL

where A = Et=1F*=1K*=12t=1 is a non-zero right integral for s¢! _(2)* and we have
used the following fact:

Et-1pt-1t=lyt=1 . % = pi-1pt-1[t—lyt—1-u for u € Z/t7Z.

This proves that every p € 71(sf}, .(2)*) is a C-linear combination of the elements
in the set

N (277 + 225N | e 217}

One of the maximal linearly independent subsets of the set above is given by

Py t—1
(5.12) I e I e ) WIS PP 7}7
where {—#,—ml,ml—i—%—i—l,...,—m%,m% +2¢+1} is a complete residue

system modulo ¢. Hence, the set given by (5.12) is a basis of 7;(sf}, .(2)*). By
1
Corollary 3.7, Q((z)) = &+, So
t—1 t+1
. t *
dim(Ti(sth(2)") = = +1= "=
which is the lower bound given in Proposition 3.6. This completes the proof of
Proposition 3.6.
We finish this paper by summarizing the result about the trace space for s€}, (2)
as follows:

=Q(< z>),
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Proposition 5.1. Let (st} .(2),5, R(daﬁ)oga,,{i<t7K_lz_1_£) be the quantum Hopf
algebra in Proposition 4.2. Let \ be a non—zero right integral for 56272(2)*, If t is
odd, then the dimension of the trace space To(sl} ,(2)*) is 21 and the set

¢ t—1
KT, N K e ) | 1< )
is a C-basis of the trace space, where
t—2e—1
{—f,—ml,ml +2§+17...,—m%1,mt;21 +26 41}

is a complete residue system modulo t.
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